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Abstract. We consider a variational problem for submanifolds Q C M 
with nonempty boundary dQ = K. We propose the definition that the 
boundary K of any critical point Q have constant mean curvature, which 
seems to be a new perspective when dimQ < dim M. We then construct 
small nearly-spherical solutions of this higher codimension CMC prob¬ 
lem; these concentrate near the critical points of a certain curvature 
function. 


1. Introduction 

Constant mean curvature (CMC) hypersurfaces are critical points of the 
area functional subject to a volume constraint. Examples include sufficiently 
smooth solutions to the isoperimetric problem. If K is an embedded sub¬ 
manifold in a Riemannian manifold ( M m+1 ,g ), then its mean curvature 
vector Hk is the trace of its shape operator. When K is a hypersurface, 
then we say that K has CMC if this vector has constant length, and this is 
the only sensible definition in this case. However, when codim A' > 1, it is 
less obvious how to formulate the CMC condition, since there is more than 
one way one might regard the mean curvature vector as being constant. 
One definition that has perhaps received the most attention is to require 
that Hk be parallel. This is quite restrictive, and for that reason, not very 
satisfactory. 

We propose here a different, and directly variational, definition. Building 
on ideas of Almgren [I], and extending one standard characterization of 
CMC hypersurfaces, we define constant mean curvature submanifolds to be 
boundaries of submanifolds which are critical for a certain energy functional. 
Roughly speaking, we say that K has constant mean curvature if K = dQ 
where Q is minimal, AT has CMC in Q, and Hk has no component orthogonal 
to Q. 

The goal of this paper is to show that generic metrics on any compact 
manifold admit ‘small’ CMC submanifolds in this sense. The result proved 
here is a generalization of a well-known theorem by Ye [9] , which constructs 
families of CMC hypersurfaces which are small perturbations of geodesic 
spheres centered at nondegenerate critical points of the scalar curvature 
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function 1Z. The more recent paper [6] obtains such families of CMC hyper¬ 
surfaces under general condition on the scalar curvature and in particular 
when it is constant; in that case, these hypersurfaces are centered near crit¬ 
ical points of a different curvature invariant. These various results illustrate 
the sense in which the metric must be generic: some scalar function of the 
curvature must have nondegenerate critical points. 

Let us now introduce the relevant curvature function. For any (k + 1)- 
dimensional subspace II p C T p M , define the partial scalar curvature 

k +1 

n k+ 1 (U p ) := — (R(Ei, Ej)Ei, Ej). 
i,j= 1 

where E\,..., E k+ \ is any orthonormal basis for II p . Note that (T p M) 

is the standard scalar curvature at p, while ^(n p ) is twice the sectional 
curvature of the 2-plane II p . The Grassman bundle G k +i(TM) is the fibre 
bundle over M with fibre at p £ M the Grassmanian of all ( k + l)-planes in 
T p M. We regard IZk+i as a smooth function on G k +i{M). 

Denote by and B £ +1 (Jl p ) the images of the sphere and ball of 

radius e in II P under the exponential map exp p , p £ M. We can now state 
our main result. 

Theorem 1.1. If H p is a nondegenerate critical point of TZ k +l, then for 
all e sufficiently small, there exists a CMC submanifold K £ (Jl p ) which is a 
normal graph over 5^'(n p ) by some section with C 2,a norm bounded by Ce 2 , 
and dist (II p , II P ) < ce. 

Our construction of CMC submanifolds generalizes the method intro¬ 
duced in [6j, and can also be carried out in certain cases when the partial 
scalar curvature has degenerate critical points, for example when ( M,g ) is 
Einstein has or constant partial scalar curvature. 

Theorem 1.2. There exists £q > 0 and a smooth function 

d 7 : G k +i(TM) x (0, eo) —> M, 

defined in (|9|) below, such that if e € (0, eo) and n p is a critical point of 
\h(-,e), then there exists an embedded k-dimensional submanifold K e (H p ) 
with constant mean curvature equal to k/e. This submanifold is a normal 
graph over a geodesic sphere 5^(II P ) with respect to a vector field, the C 2,a 
norm of which is bounded by ce 2 . 

The function T is essentially just the associated energy functional re¬ 
stricted to a particular finite dimensional set of approximately CMC sub¬ 
manifolds. 

The outline of this paper is as follows. We first give a more careful de¬ 
scription of our proposed definition of constant mean curvature and its rela¬ 
tionship to the associated energy functional. We introduce the linearization 
and second variation of this energy, then compute these operators in detail 
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for the round sphere S k C M m+1 . The construction of ‘small’ solutions of 
the CMC problem concentrating around critical points of the function T 
proceeds in stages. We construct a family of approximate solutions, then 
solve the problem up to a finite dimensional defect. This defect depends 
on certain parameters in the approximate solution, and in the last step we 
employ a variational argument to choose the parameters appropriately to 
solve the exact problem. Certain long technical calculations are relegated 
to the appendices. 


2. Preliminaries 

In this section we begin by setting notation and recalling some standard 
formulae. This is followed by the introduction of a variational notion of 
constant mean curvature for closed submanifolds of arbitrary codimension. 
We compute the first and second variations of the associated energy func¬ 
tional, and then explain what these look like for round spheres (of arbitrary 
codimension) in M m+1 . 

2.1. The mean curvature vector. Let ( M m+1 ,g ) be a compact smooth 
Riemannian manifold, and consider smooth, closed fc-dimensional subman¬ 
ifolds K C M and (k + l)-dimensional submanifolds Q with nonempty 
boundary K, 1 < k < m. We write V s for the connection on any em¬ 
bedded submanifold E, and reserve V for the full Levi-Civita connection on 
M. 

The second fundamental form of E is the symmetric bilinear form on T E 
taking values in the normal bundle 1VE defined by 

h(X, Y ) := Vx Y — V|E = ttats V x Y; 

here 7T/ve is the fibrewise orthogonal projection —>• N E. The trace of 

h is a section of NY, and is called the mean curvature vector field 

dim E 

Hr := tr 9 /i = K E uEi), 

1=1 

where {Ei} is any orthonormal basis for T p E. By definition, E is minimal 
provided = 0. 

2.2. Constant mean curvature in high codimension. Let us now spe¬ 
cialize to the case where Q k+1 C M is a smooth, compact submanifold 
with boundary, with dQ = K. The normal bundle NK decomposes as an 
orthogonal direct sum 

NK = NK 1 - © NK II , 

where NK^ = NK n TQ has rank 1 and NK ± = N K (NQ) = NK n NQ 
has rank m — k. We shall write n for the inward pointing unit normal to K 
in Q. Thus if <I> € NK, then $ = [T]- 1 + [<&]H = [T]" 1 + <fin for some scalar 
function 0. 
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Definition 2.1. The closed submanifold K C M is said to have constant 
mean curvature if K = dQ where Q is minimal in M, K has constant mean 
curvature in Q and the Q-normal component [Hk]~ L E NK 1 - vanishes. 


A key motivation is that this definition is variational, where the relevant 
energy is given by 

(1) £ h0 (Q) := Vol k (dQ) - h 0 Vol k+1 (Q). 


Proposition 2.1. The submanifold K = dQ has constant mean curvature 
ho (in the sense of Definition ] 2. f\) if and only if 

D£ h0 \ Q = o. 


The meaning of the differential here is the usual one. Let S be a smooth 
vector field on M and denote by Q its associated flow. For t small, write 
Qt = and K t := dQt = f(t,K). The requirement in the Proposition 

is then that for any smooth vector field S, 


dt £ho{ - Qt) 


= 0. 


t =o 


The proof is standard. The classical first variation formula (see Appendix) 
states that 

d 


dt 


Vol {K t 


t =o 


[ 9(Hk 
JK 


dvolx, 


and 


dt 


Vol (Qt) 


t =o 


IQ 


9(Hq, E)dvol Q - / g(n, 5) dvol^ 
JK 


It follow directly from these that 


£h 0 (Qt) — 0, 

t =o 

for all vector fields E if and only if Hx = ho n an d Hq = 0, as claimed. 

The definition above coincides with the standard meaning of CMC when 
K is a hypersurface in M which is the boundary of a region Q. In particular, 
if K k C M fc+1 C R m+1 and K has CMC as a hypersurface in M fc+1 , then 
it has CMC in the sense of Definition 12.11 In particular, any round sphere 
S k C R m+1 has CMC in this sense. 


d 

dt 


2.3. The Jacobi operator. Let us now study the differential of the mean 
curvature operator, which is known as the Jacobi operator. For this subsec¬ 
tion, we revert to considering an arbitrary submanifold £, either closed or 
with boundary, and shall now recall the expression for this operator. 

The Jacobi operator Js is the differential of the mean curvature vector 
field with respect to perturbations of S. To describe this more carefully, 
set B £ (NTj) = {(q,v) E Tj^M : |u| < e} and consider the exponential map 
exp from an e-neighborhood of the zero section in T^M into M. Since 
exp* |{„ =0 } = Id, If $ E C 2 (S;Tv;M) has 11T>|| c o sufficiently small, then 
:= {exp q ($(q)) : q € E} is an embedded submanifold. We shall denote 
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the family of submanifolds by E s , and their mean curvature vector 
fields by H s . We also write F s : T —>• T s for the map q H > exp (s$>(q)). By 
definition, 

M$) = ^d/d s H s \ s=0 ■ 

We shall be particularly interested in the case where is a section of the 
normal bundle NT,. When dT ^ 0, we also require that $ = 0 on dT. The 
operator 7 Tjve ° Jt, will be denoted • We recall in the appendix the proof 
of the standard formula 

(2) Jg = - A£ + Ric£ + 4 2) , 

where is the (positive definite) connection Laplacian on sections of NT, 


V$ e NT, $ 


dim(E) 

E 


yV V/N (f, _ yJV (j. 


V^y = 7 T Njs o VxY 


and the other two terms are the following symmetric endomorphisms of 
NT: 

(i) The orthogonal projection Ric^ = 7rjv E ° Ric^ of the partial Ricci 
curvature Rics, defined by 

(Ric xX,Y) := -tr ° {R{-,X)-,Y) 

/ q\ dimE 

= - £ (R(Ei, X)Ei,Y) for all X,Y e TM 
1=1 

note that the curvature tensor appearing on the right is the one on 
all of M, and is not the curvature tensor for £; 

(ii) the square of the shape operator, defined by 

dim E 

(4) Sj§\x):=Y( h (Ei,E j ),X)h{E i ,E j ), for all A € TM 

i,j =1 

In general, Je(^) J ( < I > ) since Js(<I>) has a nontrivial component (4>) 
which is parallel to T; as we show later, that part is canceled in our final 
formula so we do not need to make it explicit. Note, however, that 
vanishes when T is minimal. Indeed, writing the mean curvature vector field 
to in the form 

H s = Y( h s,N u (s))N u (s), 

V 

where N v (s), v = dimE + 1,... ,m + 1 is a local orthonormal frame for 
NT ,we find 


[Je($)] T = £ ( ((V d/ds H s \ s=0 ,JV„(0)> + <i?E, Vd/ds\ s=0 N„(s))) N v ( 0) 

V 


(Hz,N„( 0 )) X d/ds 



£<*=,*,> 


E9/0s^E( s )| s=o 


and if = 0, we have = 0. 
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2.4. The second variation of 8h 0 . We set 

C 2 0 ’ a (NQ) := {V € C 2 ’ a (NQ ) : V\ K = 0}. 

With this notation in mind, we have the: 

Definition 2.2. The minimal submanifold Q is nondegenerate if 

J Q : Cq ,0: (NQ) —* C°’ a (NQ), 

is invertible. 

Lemma 2.1. If Q is nondegenerate, then there is a smooth mapping i-a 
<5$ from a neighbourhood of 0 in C 2,a (NK ) into the space of (k + 1)- 
dimensional minimal submanifolds of M with C 2 ' a boundary, such that Q o 
is the initial submanifold Q and dQ$ = K$. 

Proof. Fix a continuous linear extension operator 

C 2 ’ a (NK) 3 $ ha Vi € C 2 ’"(TqM). 

Thus is a vector field along Q which restricts to on K. Without loss 
of generality, we can assume that € TQ if [4)]- 1 = 0 and € NQ when 
[<£]H = 0. Next, let W be a C 2,a section of NQ which vanishes on K. If 
both 1111 2 ,o: and ||W||2,a are sufficiently small, then expQ(V$ + W) is an 
embedded C 2,a submanifold Qu , U = + W, with boundary K$ := dQu- 

Denoting its mean curvature vector by then 

D W H\ m (W) = J Q W. 

Since Q is minimal, D\yH |^ 0 0 ) (W) takes values in NQ, whereas H(&, W) € 
NQu C T Qu M, so we cannot directly apply the implicit function theorem. 
To remedy this, first let H(f&, W) be the parallel transport of H(&, W) along 
the geodesic s eA exp q (sU(q)), from s = 1 to s = 0. Parallel transport pre¬ 
serves regularity (this reduces to the standard result on smooth dependence 
on initial conditions for the solutions of a family of ODE’s), so is 

a C 0,a section of TqM. Now define 

H($,W) -.= tt nq oH^,W), 

where ttnq ■ TqM -3 NQ is the orthogonal projection. Since € 

Nq u M and since ||£/||ci is small, lies in the nullspace of n at 

any q € Q if and only if it actually vanishes. Thus it is enough to look 
for solutions of H($,W) = 0. Notice that D\yH |(o,o) = Jq- We can now 
apply the implicit function theorem to conclude the existence of a C 2,a map 
4- ha W($) such that if($, W($)) = H($, W($)) = 0 for all small 4-. □ 

We henceforth denote by Q$ the minimal submanifold expg (V$ + W (4*)). 
Observe that when [d)]- 1 = 0, the submanifold parametrized by expQ(V^) is 
C?(||T>||^ 2 ,q.) close to this is easy to check when := cfn where 4> is 
small. Therefore, in this ‘tangential’ case, we conclude that 

U* = V* + 0(||$||£ 2 , o ). 
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Next, when = 0, we define Zq> as the solution of 


JqZ$ — 0 , Z$\^ — < 3 ?, 

and it is easy to check that the submanifold parametrized by exp q^Z^) is 
also 0(11^11^2,a) close to Q<j>. We summarize all this in the 

Lemma 2.2. When ||<b|| C 2 ,a is small, we have the decomposition 
Uq, = Vj$]|| + Z^± + 0(\m 2 c2 , a ), 
where Z^± is the solution of 


0, 




Now consider the energy along a one-parameter family s H)• Q s : = 
Q s q of minimal submanifolds with boundaries K s := dQ s = K s $. By the 
formulae of the last subsection, 
d f 

—£ ho {Qs) = - / g(H s - h 0 n s ,d/ds)dvolK 3 , 

J K s 

where H s is the mean curvature of K s and n s is the inward pointing unit 
normal to K s in Q s . Note that this first variation of energy is localized to 
the boundary; the interior terms vanish because of the minimality of the Q s . 
Our task is to compute 

d 2 

fjfE £h 0 {Qs) 

when Q is critical for £h 0 . 

Parametrize both K s and Q s by y i->- F s (y) := exp y (U s q,(y)) (with y £ K 
or y € Q, respectively). As before, choose a smooth local orthonormal frame 
E a for TK , so that (F s )*E a = E a (s) is a local (non-orthonormal) frame for 
TK s q. We then include n(s), the unit inward normal to K s in Q s . Moreover, 
we extend n(s ) to a vector n(s) £ TQ S so that it satisfies ,n(s) = 0. We 
supplement this to a complete local frame for Tq s M (at least near points 
of K s ) by adding a local orthonormal frame N^s) £ NQ S . Here we let the 
indices a, /3,... run from 1 to A; while y,v,... run from k + 1 to m + 1 . 



Notation 2.1. Set T~L{s) = H(K S ) — hoH(Q s ), where ho = Hk- We also 
write 

l Q = V 9 / 9s ^ s | s=0 

Note that we can decompose %'(0) into H'(Q) Nk + 0) Tx , its compo¬ 

nents perpendicular and parallel to K. Since T~L{s) _L K s , we have that 
('H(s),E a (s)) = 0, so 

(H\0),E a ) + (H(0),E' a (0)) = 0. 

Since "H(O) = 0, we obtain [Lq] Tk = 0. 

Next decompose = [4>] _L + <f>n into parts perpendicular and parallel 
to Q (along K). Noting that we can choose the vector field extending 
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$ in Lemma EH so that its component tangent to Q lies in the span of n, 
there is a similar decomposition U$ = [C/#]- 1 + u<ph(s) for the vector field 
17$ constructed in that Lemma, locally near TT$; note that [17$]- L | Ar = 
and u ( f ) \ K = 4>. 

To see that E' a { 0) = V_E a <h, choose a curve c(t) in K with c(0) = p, 
c'( 0) = E a and define G(t,s ) = exp c ( t )(s < h(c(t))); we then obtain that 

^d/ds E a\ s=0 = ^d/ds^d/dt\ s=t=0 G{t, s) = V 9/9t < h(c(t))| i=0 = 

as claimed. To compute n'(0), observe that (F s )*(n(0)) is always tangent to 
Q s and transverse, but not necessarily a unit normal, to K s . We can adjust 
it, using the Gram-Schmidt process, to get that 


n(s) = ((F s )*(n(0)) - ^ c a E a (s)^j / ((F s )*(n(0)) - ^ c a E a (s ) 


where 

c a {s) = (E a (s),(F s )*nm/\E a (s)\ 2 . 

Arguing as before, take a curve d(t) in Q such that d( 0) = p and d'(0) = n 
and define G(t,s) = exp d ^(U s $(d(t))). Note that 17 s $ = s(VNi|| + Z[$j±) + 
Q(s 2 1|$||^ 2 ,„). We get 


^d/ds{E s )*n(0) | s= q V9/9sV d/dtG{t, s) 

and since c a (0) = 0, we obtain 


V„(V [S] || + 


[n'(0)] ± = 


V n Tj $ ]H + V n Z[ 


[$] J 


K 


V„z $ x + (j)V n n 


K 


Finally, the component [n/(0)] I = 0. Combining these calculations gives the 


Proposition 2.2. If Q is critical for £h 0 , then 

L Q <P = 4 K <S>-h 0 D Q <P, 


where 


Dq$= \7fZ<s, + (j)\7fn 


K 


2.5. The linearization at K = S k . We conclude this section by discussing 
the precise form of this linearization, and its nullspace, when 

K = S k x {0} C Q = B k+1 x {0} C M m+1 , 

since this is our basic model later. It is easy to see that B k+1 is critical for 
£ k - 

The unit inward normal to S k in B k+1 is n S k(Q ) = —0. If <h G C 2 ,a (NS k ), 
then 

$ = [$] x -00, 

where the first term on the right is perpendicular to B k+1 . The operator 
Jg k acts on these two components separately, via J^ k and jjj fc , respectively. 
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The first of these operators acts on sections of the trivial bundle of rank 
m — k. Obviously, Ric^ = 0, cf. ([3]) , and (■f)g2)" L = 0 as well, so 

Jg k = A gk 

acting on (m — fe)-tuples of functions. Its eigenvalues are £[k + £ — 2). The 
operator D B k +1 also acts on sections of the trivial bundle NB k+1 \ sk . In 
fact, since J B k+ 1 = A B k+i, this operator is simply the standard Dirichlet- 
to-Neumann operator for the Laplacian (acting on R m_fc -valued functions). 
Its eigenfunctions are the restrictions to r = 1 of the homogeneous harmonic 
polynomials P(x), x = r@, 0 € S k . If P is homogeneous of order £, then 
P(x) = r £ P(@), so D Bk +iP(Q ) = —£P(Q) (recall we are using the inward¬ 
pointing normal). Combining these two operators, we see that A S k — kD B k+i 
has eigenvalues —£(k + £ — 1) + kl = — £{£ — 1), hence 

(~ kD B k+I'j [$]■*■ = 0 => [&] 1 - <E span {(a^ + b^x^E^}, 

where En = k + 2,..., m + 1 is an orthonormal basis for NB k+1 = W n ~ k . 
The remaining part is 

J g k 

since Ric 5 fe = 0 and S)^ k = k Id. Thus 

<4fc(^@) = «4k(</>) 0 = 0 => 0 € span {x\,.. .,x k+ i}. 

We have now shown that the nullspace /C of L Bk + 1 splits as 1C 1 - ©/C^ . The 
first of these summands is comprised by infinitesimal translations in 
and infinitesimal rotations in the a/r planes (now a < k + 1); the second 
summand corresponds to infinitesimal translations in M*^ 1 . 

3. Construction of constant mean curvature submanifolds 

We now turn to the main task of this paper, which is to construct small 
constant mean curvature submanifolds concentrated near the critical points 
of lZ k +i- The first step is to define a family of approximate solutions, i.e., a 
family of pair ( Q e ,K e ) where Q £ is minimal and has nearly CMC boundary. 
We then use a variational argument to perturb this to a minimal submanifold 
with exactly CMC boundary. 

3.1. Approximate solutions. We adopt all the notation used earlier. Thus 
we fix lip € Gk+i(TM) and an orthonormal basis Ei, 1 < i < m + 1 of T V M, 
where E a , 1 < a < k + 1 span lip and E^, n > k + 1, span lip . This 
induces a Riemann normal coordinate system (x 1 ,..., x m+1 ) near p, and it 
is standard that 

(5) gij(x) =g(d x i,d xJ ) = <% + ^ ^{Rp)ikjEX k x l + 0(\x\ 3 ), 


where <5 is the Euclidean metric. 
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3.1.1. Rescaling. In terms of the map F e : T p M —>• M, F e (y) = exp p (£y), 
used earlier, define the metric 

g e = £~ 2 F* g 

on T p M , or equivalently, work in the rescaled coordinates y 9 = x 9 /e.In either 
case, 

(6) g £ = \dy\ 2 + £ 2 h £ (y,dy), 

where h £ is family of smooth symmetric two-tensors depending smoothly on 
£ € [0, £o]- The mean curvature vectors H 9 and H 9s with respect to g and 
g £ satisfy 

£ 2 H 9 = {F e )*H°', and \\H 9 % e = e\\H 9 \\ g . 

Let B k+1 = B k+1 (U p ) C n p be the unit ball and S k+1 = S k+1 {U p ) = 
dB k+l , and denote their images under F £ by B £ and S £ . These have parametriza- 
tions 

fc+i 

S k+ 1 9 0 i > exp 9 (£ 0), B k+1 9 y —► exp 9 (£ £ y a E a ). 

a= 1 

In the lemmas m and (13.2p below we give the expansion of the mean 
curvature of B £ and S £ in terms of e. To this end we indroduce two supple¬ 
mentary curvature invariants which are restrictions of the Ricci curvature 
of the ambient manifold M: 


k +1 

lZic k+ i(n p )(ui,u 2 ) = -'^2R p (E i ,v 1 ,Ei,v 2 ), vi,v 2 Slip 

i=l 
k +1 

TZic^ +1 (U p )(v, N) = — Rp(Ei,v, Ei,N), v € n p , N € U^. 

i —1 

Note that 

nici + 1 (U p ) = [Riel] p . 

Lemma 3.1. We have 

m+l , 

H g (B £ )(y) = Yi (-3 

where N p , k + l<fi<m+l is an orthonormal basis of NB e . 

Remark 3.1. Here and below, we write 0{£ k ) for a function withC 0,a norm 
bounded by Ce k . 

Proof. Recall that 

H 9 (B £ ) = -^(F £ )*H 9 *(B k+1 ) 

c 

We denote k + l<y<m+l the orthonormal basis of the normal 
bundle of B k+l € T p M with respect to the metric g £ obtained by applying 


nici +1 (U p )(y,E p ) + 0(£ 2 ) Rf, 
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the Gram-Schmidt process to the vectors Ep, k + 1 < g, < m + 1. Remark 
that 

9e(.Afp, E u ) = 5p V + 0(e 2 ) 

We denote Afp = eAff the orthonormal basis of the normal bundle to B k+l 
with respect to the metric (F e )*g. We identify Afp with (iv)* Afp: these last 
vector fields form an orthonormal basis of NB e with respect to the metric 
g. The Christoffel symbols corresponding to the metric g e are: 

( r 9e )ij(y) = \a k e q ( d yj (g £ ) iq + d yi (g £ ) jq - d y q{g £ )ij) 


e 2 

= {Ripji + Rnjp) y p + 0(e 3 ) 

whence 

Afp = (T^r ab + 0(e 4 ) 

Taking the trace in the indices a,b = 1,..., k + 1 with respect to g £ gives 
the result. □ 

Lemma 3.2. We have 

H 9 {S £ ) = 0 - |^*c fc+1 (n p )(0,0) +0(e 2 )) n 5 



2e 


TZic^ +1 (U p )(Q, E y ) + 0(s 2 


Afp 


where ns is a unit normal vector field to S k in B k+1 with respect to the 
metric g. 


Proof. The proof is similar to that of the previous lemma, but with several 
changes. 

Let u 1 ,..., u k i->- ©(u 1 ,..., u k ) be a local parametrization of S k C W p . 
The tangent bundle TS k is spanned by the vector fields 0 a = d u aO. As 
before, we have 

H°(S*) = ±(F e ).HUS k ) 

By the Gauss lemma, 

g ((F E )*0 a , (F e )*0) (F £ (Q)) = g p (e a , 0) = 0 

and 

g ((F £ fiEp, (F e )*0) (F e (0)) = g p (Ep, 0) = 0 

this yields 

g(Afp, (T £ )*0) = 0 and g e (Af p , 0) = 0 
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Finally we put ns '■= — (-F e )*0. We have 

vg ‘ t fvp = d ua d uP e + (r°%(& a y(Qpy s e 

a,(3 = 1 ,k, i,j,£ = 1 ,m + 1. 

The vector field d u a d u pQ is tangent to B k+1 (Q), so 

s, = ( r "')£, (e«)“ (erf* + o( £ 3 ). 

Taking trace in the indices a, /3 with respect to the metric induced on S k 
from g £ we get 

g £ (H^(S k ),Af p ) = ^fnici +1 (U p )(e,E p ) + 0(s 3 ). 

In order to find [i7 £,e (S' fc (II p ))]ll, recall the standard fact that if £ C M is 
an oriented hypersurface with unit inward pointing normal N-%, and if £ z is 
the family of hypersurfaces defined by 

£ x R{q,z) i-A exp q (zN^(q)) € £ z , 

with induced metric g z , then 

\Hx\ = —jjz log Vdet g z . 

In our case, considering S k (U p ) C £> fc+1 (n p ) with metric g e , let g ez be the 
induced metrics on the Euclidean sphere of radius 1 — z. Then 

det g £Z = (1 - z) 2k detg 5 ^1 - g ^ ^ 7lic S k{U p )(Q,Q) + C>(e 3 )^ , 

where g s is the standard spherical metric on ^’(IIp). From this we deduce 
that 

g £ (^H 9e (S k ), —©) = - - |ft*c fe+1 (n p )(0,0) +0(s 2 ). 

this completes the proof. □ 

Proposition 3.1. Fix II P € Gk+i(TM). Then for e > 0 small enough, 
there exists a minimal submanifold Q e (Ii p ) which is a small perturbation 
of B k+1 (H p ), whose boundary K e (I\. p ) = <9Q e (II p ) is a normal graph over 
S'g (II p ) and whose mean curvature vector field satisfies 

k rn+l 

(7) H g (K £ (H p )) - -n K = g p (a,Q)n K + ^ (g p (c p ,Q) + d p ) N p 

fl=k +1 

for some constant vectors a = a(e, II P ), c p = c p (e, II P ) € II P and constants 
d P = d p (£,U p ) € R. Here uk is a normal vector field to _fQ(II p ) in <5 e (n p ) 
and N p form an orthonormal basis of [7VlF e (n p )]' L . 
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Proof. Take a vector field + € C 2,a (T p M) defined along the unit sphere 
S k (U p ), such that 

m+1 

+(©) = +>(©)© + 

fi=k -\-1 

and write 

S k = {© + +(©), 0 € + } . 

Then there exists a submanifold £>+' such that dB k ~^ = S$ and which is 
minimal with respect to g e . The proof of this fact is almost the same as the 
proof of the Lemma (12.11) ; the only difference is that we use a ’’perturbed” 
metric and the starting submanifold is no longer minimal. Let be a linear 
extension of + in B k+1 and take 

m+1 

W eC 2 ’ a (T p M), W= E Wlt W\ S k=0. 

1 

We let H(e, +, W) denote the mean curvature with respect to the metric g e of 
the submanifold {U(y) = V$(y)+W(y), y € B k+1 }. Note that H(0, 0,0) = 0 
and 

^3^1 (0,0 ,0) — B k+1 — ^B k +1 ■ 

We can then apply the implicit function theorem to H(e,&,W) = it o 
H(e, +, IF), where ir is the orthogonal projection onto the vertical subspace 
of T p M, which is spanned by E^, k + 1 > y < m + 1. Then for e and || + || C 2 ,a 
small enough, there exists a mapping (e, +) 1 -+ W(e, +) such that 

H(e, +, kF(e, +)) = 0 and H(e, +, W(e, +)) = 0. 

Moreover, 

U e ,* = V® + W(e, +) = V+ + Z* + W £ + 0(1+11) + 0+|| +||) + 0(||+ 2 ||) 
where V^(y) = — 0(y/||y||) y, the vector held is the harmonic extansion 
of + in B k+1 and W £ satishes 


A sfc+ i Wf = TZicjf + i(Hp)(y, E p ), 


W r = 0 on S k 


Remark 3.2. A simple calculation shows that 

2 i m + 1 

W e (y) = — — (1 — \y\ 2 ) E ^ci +1 (U p )(y,E p )E p 

fi=k -\-1 


For the second step, we calculate the mean curvature of with respect 
to the metric g e . First note that the vector fields 

m+1 

t q = (1-0)0 q -3 u +0+ E d u a ®E p 

fi=k -\-1 
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locally frame TS$, while 

0<j) = 0 + --— Vgfc0, an d = E^ — --T V gk < f >/1 

1—0 1—0 

are a local basis for the normal bundle of with respect to the Euclidean 
metric. Applying the Gram-Schmidt process with respect to the metric g £ 
to these local frames yields the unit normal to in £ 7 +'. which we denote 
n|,, and the orthonormal frame (A/$) p for the normal bundle of along 
with respect to g £ . These calculations show that 

(n%, —0$/|0«i>| g eucl ) ge = 1 + 0(s 2 ) 

((A(E0)S/|(E0)$| ge „ c; ) ffe = 1 + Off 2 ), 

and ? 1 q = —0 and (A/" m )q = AWe can then write 

H^{Sl) — k ricj, 

m +1 

= (s e (tf*(4),n|)-fc) n%+ J2 5 e (i^(S&),(A/i)*) (A/i)*. 

/i=/c+l 


Notation 3.1. We tet Ln p (‘h) denote any second order linear differential 
operator acting on <h. The coefficients of Lii p (&) may depend on H p G 
Gk+i(TM ) and e € (0,1), hut for all j G N there exists a constant Cj > 0 
independent of n p and e such that 


l|An p ( < h)|| C j, a (5fc) < Cj || < h||cj+2,a(jvs fc )- 


Similarly, for l G N, denotes some nonlinear operator in <h, de¬ 

pending also on lip and s, such that Q]j p ( 0 ) = 0 and which has the following 
properties. The coefficients of the Taylor expansion 0 /Qn h) in powers 
of the components of d> and its derivatives satisfy that for any j > 0 , there 
exists a constant Cj > 0, independent of Ii p G Gk+iffTM) and e G (0,1), 

IIQrip(^i) — Qnp(^2)|lcj,“(s fe ) — 

c (11*^1 llth+ 2 ’ a (lVS ii ) + || < I > 2 ||cJ+ fc ’“(JVS fc ) J 11^1 — ^2\\ci+ k ’ a (NS k ) 


provided ||^i||c 1 (A 5 fc ) < 1 , i = 1 , 2 . 
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Using that the Christoffel symbols of the metric g £ are of order 0(s 2 ), we 
obtain 

g e — k = -TZic k+1 (H p )(Q,@) + 

+ 0{e 3 ) + e 2 Lyi p (&) + Qn p (<£*), 

5e (^(5|),(A4)^) =-Ui4 +1 (U p )(&,E lx ) + ^ k -D Bk+1 ) 

+ 0(e 3 ) + e 2 Ln p (<f>) + Q 2 Up m. 


As before, we let and be the null-spaces of the operators 

Jgk = ^s k + k and Lg k+1 = A §k — D B k+i 

and write and V^ for the orthogonal complements of K,^ and K?~ in 
L 2 (S k ). Define 

(8) g £>rip := T P M x ( T p M © R) m ~ k x?™x ( V ^m-k 

There exists an operator 

g £ ,n p : ( C °’«(S k )r~ k —► c e ,n p 

such that 


Qe,U p {fo, fit ■ ■ ■ j fm—k ) 

= (a(e, n p , /), c M (e, n p , f),d p (e, n p , f),<j>(e, n p , /), ^(e, n p , /)) 

is the solution to 

f 0 = 3 P (© ©) + /() 

( = 3 P (c p , 0) + + f p - k . 

Applying a standard fixed point theorem for contraction mappings, we find 
that there exist constants c € R and £o € (0,1) such that for every e € (0, £o) 
and II p € G k+ i(TM) there is a unique 

(a(e,n p ),c M (£,n p ),d p (£,n p ),0(£,n p ),^ n J G £ e ,n p - 

(the indices are suppressed for simplicity) which belongs to a closed ball of 
radius c£ 2 in d £ ,n p and such that 

m +1 

H !le (S^) = — kn% + g p (a, 0) nj, + (g( p (c p , 0) + d p ) (A/#) p . 

/I=fc+1 


Putting 

riK = ( F e )* n| and = (F e )* (A/^)! 
and taking K e (II p ) := F e (S | (e np) ) and Q e (II p ) := F £ {B k ^ eJ} ^) finishes the 
proof. 


Remark 3.3. Notice that 
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7e*c fc+ i(n p )(0,0) ePH and TZic^Up) (Q, E,j) E /C X 

Moreover, it was remarked in [6] that 

k-\-l k -\-1 

ftic fc+ 1 (n p )( 0 , 0 ) = E^c fe+1 (n p ) aQ (0O 2 + £ ^ic fc+ i(n p ) a 6 0 a 0 b 

cl= 1 a^b= 1 

= fc^x^-fc+i(n p ) + 7^cfe + i(n p )(0, ©) 

where 7£icfc + i(n p )(0, 0 ) belongs to the eigenspace of A S k associated to the 
eigenvalue 2(k + 1). Using this, one can easily verify that 

<An„(e) = -j 2 ~ r ^i«<i t i(ii,)(e,e)j e+o(e 3 ), 

= OO 3 ). 

□ 

3.2. The variational argument. We now employ a variational argument 
to prove that one can choose II P E Gk{M) in such a way that the submanifold 
K e (Hp) obtained in the previous Proposition has constant mean curvature. 

To state our result, we introduce the following restrictions of the Riemann 
tensor of M: 

Rk+ i(n p )(ui,U2,U3,u 4 ) = g p (R p (v 1,V 2 )V 3 ,V4), vi,v 2 ,v 3 ,v 4: E n p , 

Rk+i( u p)( v i^ v 2 ,V 3 ,N) = g p (R p (vi,v 2 )v 3 ,N), v ly v 2 ,v 3 e U p , N E II p , 

Finally, introduce the function r on Gk+i(TM): 

r(n p ) = 3 6 (fc + 5 ) ^8 ||^c fc+ i(n p )|| 2 — is A 9 k+1 n k+l (u p ) — 3 ||R fc+ i(n p )|| 2 
+57e 2 +1 (n p ) + 8 ||^ +1 (n p )|| 2 +12 ||i^ +1 (n p )|| 2 ) 

+9piT2) (^^. + i(n P ) - 2 ||^ Cfc+1 (n p )|| 2 ) 

_ 3(fc+3)(fc+5) ll^* c fc+l(np)|| 2 

where A| + 1 T(II p ) = Yli=i Vg.T(p), for any tensor T on M. 

Now consider the energy S e restricted to this finite dimensional space of 
submanifolds, 

s e (u p ) := Voi fc (iE(n p )) - - Voi fc+ i(Q e (n p )), 

which is a function on G k +i(TM). Tracing through the construction of 
K e (H p ) one obtains the relationship of this function to the curvature func¬ 
tions defined above. 
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Lemma 3.3. There is an expansion 


(fc + i)g e (n p ) 

e k Vol {S k ) 


1 - 


2{k + 3) 


^■fc+i(n p ) + 


2 (k + 3) 


r(IIp) + 0(e 5 ) 


Proof. The proof is a technical calculation, contained in the Appendix. 


□ 


The main result of this section is the following proposition 

Proposition 3.2. IfH p is a critical point of S £ , then K £ (J\ p ) has constant 
mean curvature. 


Remark 3.4. Theorems (11.11) and m are Corollaries of Proposition m- 
Indeed, if we define 

(9) »(s.IIp) - 2s~ 2 (k + 3) (l - (k+ l) J^ k) ) ■ 

then for any j > 0, there exists a constant Cj which is independent of e such 
that 

||T(-,e) - IZk+i + e 2r (n p )||cj(G fe+ i(TM)) < Cj£ 3 -, 

Proof of the Proposition. Let II P be a critical point of S £ . We show that 
the parameters a, c and d must then necessarily vanish. We do this by 
considering the various types of perturbations of II p . 

First consider the perturbations in Gk+i(M) which correspond to par¬ 
allel translations of II p . In other words, we suppose that the family of 
planes n exp in Gk+i(M) are parallel translates of II p along the geodesic 

exPpOO- 

The submanifold K e {TI r , P) is a normal graph over K £ (JT) by a vector 

ex Pp Us ) ' 

field n p ,£,t which depends smoothly on t. This defines a vector field on 
K e ( n p )’by ’ 

z e,n p ,z = d t ^ £ ,n p ,?,4=o • 

The first variation of the volume formula yields 

0 =D£ e \ Up (0 


( 10 ) 


Jk s (u p ) [9{H{K £ {J1 p )), Z £) n p ,$) £ g(n, Z £ jj p ^) S j dvolx e { n p ) 

k I 

g( K H(Q £ (Ilp)), Z £ ji p ^) dvolQ e (ji p j , 


' Q £ (Tlp) 


and then the construction of Q e {U. p ) and K £ (U p ) gives that 


J (g P (a,@)g(n,Z £t H p ,^) 


m +1 

+ 0 ) + d ^ 9( Z e,n p £, JV^)) dvol Ke{ n p) = 0. 
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Let S be the vector field obtained by parallel transport of £ along geodesics 
issuing from p, and suppose that c is a constant independent of e and £. Then 

\\ z e,n p ,£ ~ E|| s < cs 2 ||£||. 

By construction of K e (Tl p ), we have 

\\n + (F £ )*Q\\ g < ce 2 , and \\N p - (F)*E p \\ g < c£ 2 . 

Now take £ € Ii p C TM p , so that 

g( n i z e,n p ,i) = 9 (—(Fe)*Q + (n + (T)*0), c, + (Z £i n p ,£ ~ “)) i 

and 

9 (^/ 1 , Z £ ji p ^) = g ^[F £ )^E p + fa — s + (Z £! n p ,^ — “))) ' 

Using the expansion of g near p, we conclude that 
\g{ n , z e,n p ,t) + <?p(£) ©)| < ce 2 ||£||, and |sr(A^, Z £i n p ,^)| < ce 2 ||£||, 
hence 


00 -(n p ) 


c/p(a,0)3 p (£,0) 


< 


/ 9p(a,Q)g p {C,Q)+ 9p(a,&) g(Z £:Up ^,n) 

'K e ( n p ) •/iU(n p ) 


/AT e (n p ) 


m+1 /* 

+ S 0) + 5(Z £i n p ,^, IVp) 

p=fc+i J K e (n p ) 

<ce 2 U\\( [ \g p (a,e)\+ [ \ 9 p{cp,@)+ d p \) 

y JK e (U p ) p,=k+lJK e (U p ) ' 

Now let £ = a, so that 

^ \g P (d,Q)\ 2 

m+l .. 

/ \gp(d, 0)| + Y / b P (cp,0) 

Jk £ (u p ) p=k+1 JK e ( n p ) 

In Euclidean space there is an equality 

Vol fc (S fc )|M | 2 = (fc + 1) [ (v, 0} 2 , for all u € M fc . 

Js k 

By the expansion of the induced metric, we obtain for e small enough 
\ Vol k (S k )£ k \\v\\ 2 <(k + l) [ | 5 p K0)| 2 . 

1 JK e (U p ) 


< c£ IIall 


+ dn 
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Also, because Vol^-A^rip)) = 0(e k ), we deduce 

m+1 

(n) I|a|| < ce 2 ( ||a|| + ^ (IM + |dp|)) ■ 

H=k-\-l 

Now move p in the direction of a vector £ € lip to get 

\g(Z e ,n p ,s, Ap) -g p (£,E p )\ < c£ 2 ||£||, and \g(n, Z e ^)\ < c£ 2 ||£||. 

Thus we can write 

(5p( c /i! ©) T dp,) %>(£, dip) 

m +1 


m—k /' 

£ / 

p=i ^ £ (n p ) 


< 


n+l r 

X) / i9p(. c /j.i®) E d p ) g(Z e ji p £, N p ) 

fl=k -(-1 J i^e(Ilp) 


m+l r 

£ / 

p=fc+i dR' e (n p ) 


(Sp( c /xj 0) T dp) <?p(£ 5 dip) 


+ / 5p(d,0M^,n p ,£,n) 

•d/GTh) 


m+l 

<ce J ||£||/ (|Sp(o,0)|+ ^ ldp(cp,0) + dp|) 

dR-einp) v ..rrf- y 


/x=A;+l 


Taking £ = d u E u gives 

/ dj, g p {c v , 0) + d^ < ce |d^| ( JX -> +(0) 0)| 
dRT e (n p ) v p; 

m+l /• \ 

+ X) / |5p(cp,0) + dp|J 

u=^+i« £ fn,i 7 


( 12 ) 


Next consider a perturbation of lip by a one-parameter family of rotations 
of lip in T p M generated by an (m + 1) x (m + 1) skew matrix A. Then 


D£sL (A) = 


t =o 


S E ((I + tA + 0(t 2 ))U p ) = j f 


S(A t (K e (U p ))), 


t =o 


where, in geodesic normal coordinates 

A t {x) = x + tAx + 0(t 2 ). 

The coordinates of the vector field associated to this flow are 

d 


Z E , Up ,d x ) = 


dt 


A t (x) = Ax. 


t =o 


Considering only matrixes A £ o (m) such that A : lip —» lip , we obtain 
\g(Z £ ,n p ^,n)\ <ce 2 ||A0||, and \g(Z EtUp ,z,N p ) - g p (A@,E p )\ < ce 2 ||A0||. 
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This gives, then, 

m+1 


n-+ i r 

E / Q?p(+, ©) + dfj) g p (AQ, E^) 

p,=k+l JK e {U p ) 

m+1 r 

E / (9p{ c +i ©) T +) g(Z e ji p £, N^) 

=k+lJK e {U p ) 
rc+ i r 

E / (9p( c pi ©) + dp) g p (AQ, E^) 

=fe+i Jkjyi v ) 


p=k+ 1 J K e (U p ) 

+ / 9 P (a,Q)g(Z £ ^ p! ^n) 

■Jk e { n p ) 


< C£‘ 


7 ( 


m+1 


||j4©|| \g p (a, 0)| + £ 11^0111^,0) + ^ 


Let C u be the (m — k) x (k + 1) matrix with column v equal to the vector 
Cy G M fc+1 , and all other columns equal to 0. Then if 


A = 


o -cl 

Cy 0 


we get 
(13) 


9p{ c i'i ©) T 9p(. c vi ®)dy + Ce n p ) lfl , p( Cjy >®)l ISp( a i®)l 

m+i r 

T E / \9p{. c vi ©)l \9p{ c p,i ©) T dfj,\ J 

U=fc + 1 J A',(n„) ' 


iK e (U p 

m+1 

E 

p=fc+l 9 K e {Tl p ) 

Adding ffT2l) and (fT3l) now gives 


/ 14 + g p {cy,Q)\ 2 < ce 2 ( [ (\dy\+ \g p (cy,Q)\)\g p {a,Q)\ 

JK e (u p ) v J k e (u p ) 


m+1 


“I - ^ ^ (Mi/1 “I - ©)l) |^p( c /x? ©) “I - 

fi=k -\-1 

In Euclidean space, if u G M fc+1 and ct G R are arbitrary, then 


[ \a + (v, 0+ 

Js k 


= [or + 


k + 1 


n|| 2 Volfc(5 fc ). 


Using, once again, the decomposition of the induced metric on Ah(11+ we 
see that when e is small enough, 

( 14 ) —t7— e k Vol k {S k ) (a 2 + ||n|| 2 ) < f \a + g p (v, 0)| 2 . 

2 V k + l ) JK e (n p ) 
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which give 

ll^ll 2 + \d v \ 2 


m—k 


< c k - 


^2 (\\cu\\ + K\) ( [ \g p {a,@)\ + Y I \g p (c lt ,e) + d li |) 

y JK E { n p ) u=i J Ke( n p ) 7 


Since Vol^-K^IIp)) = 0(e fc ), we get 


(15) 


m—k 


II3,II + \du\ < C £ 2 (||a|| + Y (]|c M || + |d M |)) 

M=1 

Adding (fill) and (fl5l) gives 


m—k 


m—k 


+ YL (IM + \dfj,\) I < ce 2 j ||a|| + Y2 (H^ll + \d p \) I , 


ii=i 


ii=i 


which implies finally that ||a|| = 0, |||| = 0 and \d p \ = 0, k + 1 < /U. 

We conclude that if fl p is a critical point of the functional 8 e , then the 
manifold K e (H p ) is a constant mean curvature submanifold of M. □ 


4. Appendix 1 

Mean curvature of submanifolds: Let £ fc c M m+1 be an embedded 
submanifold. Let x 1 ,... ,x k be local coordinates on £ and 

E a = d Xa 

the corresponding coordinate vector fields. Suppose that E^ + 1 ,..., E m+ 1 is 
a local frame for 1V£. This gives local coordinates transverse to £ by 

m+1 

P € £ I—> exp p ( Y x3 Ej ) 
j=k +1 

We make the convention that Greek indices run from 1 to k, while Latin 
indices run from k + 1 to m + 1. The induced metric on £ has coefficients 
dap, while 

Kp :=T i ol p = g{V Ect Ep,E i ) 

are the coefficients of the shape operator. We also record the Christoffel 
symbols 

r L = 9(yE a E i ,E j ) 

The following result is standard, cf. [5] for a proof. 

ra+1 

Lemma 4.1. If X = Y, x^ Ej, then 
j=k +1 
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9a/3 — 9a0 ~ 2 g(h a p,X) + g(R(E a , X)Ep, X) + g(S7 E a X, S7 e^X) + 0(|x| 3 ) 

= 9*0 ~ 2 Kp x* + ( g(R(E a , Ef)Ep, Ej) + g^'h^ h^ p + P^ 1^) x* + 0( |x| 3 ) 
9aj — —r„j x i + 0(\x\ 2 ) 

9ij = Sij + | g{R{E i ,Ef)E j , E e ,)x e x 1 ' + 0(\x\ 3 ) 

Let $ be a smooth section of NT, and consider the normal graph £$ = 
{exp p (<f>(p)) : p € E}. Now let us use the previous lemma to expand the 
metric and volume form on £<j>. To state this result properly, introduce V iY , 
the induced connection on NT, 

= 7T NY, ° VT 

Using the definitions of §2, we find that 

Lemma 4.2. 

Vol k (S*) = Vol fe (E)- f g(H(T),$) dvol s 

Jt 

+ \ ^ (| V^| 2 - g(( Ric s + Sj 2 e ) <h, $)) dvol s 

+ ± J (g(H(T),$)) 2 dvol s + ... 

Proof. First of all we expand the induced metric on £$. Using the result of 
the previous Lemma, we find 

{g$)ap = 9ap - 2 g(h a p,<&) + g(R(E a , <f>) Ep, <J>) + g(N E a $,N e p $) + ••• 

= gap -2g(k a p,<&) + g(R(E a ,$) Ep,$) 

+ g W g(h a7 , 4>) gihyp, <f>) + g(V% a $, V^$) + ... 

Now use the well known expansions 

det(J + A) = 1 + Tr A + i ((TU4) 2 - Tr(^4 2 )) + ... 

together with \/l + x = 1 + — |x 2 + ... to conclude that 

Vdit^J = (1 - g(H(T), <f>) + i (IV^^I 2 - <?((Ric s + (fi) 2 ) <f>, <h) 

+ (g( H (^),^)) 2 ) + •••) 

This completes the proof. □ 

From this we obtain the first and second variations of the volume func¬ 
tional, 



(16) 


D§ Vol k (T $) | $ T 


g(H(T$),'ff) dvol Es , 
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and 

Z>|Vol k (£*)|* =0 (*,tf) = f dvols 

Jt 

+ [ (g(H(T),*)) 2 dvol s . 

Jt 

On the other hand, differentiating (1161) once more gives 

-D|Volk(S$)|$=o('I / ,'!') = — g(D<s>H(Y,q>) |$ =0 'I / , v h) dvols 

+ J^g(H(T),d >)) 2 dvo\ K . 

Comparing the two formulas implies that the orthogonal projection of the 
Jacobi operator to NT equals 

Jif := D$H(T$)\$ = o = + Ric^ + , 


5. Appendix 2 

Let K e (J[ p ) be the constant mean curvature submanifold constructed in 
Proposition (13.11) and denote by F : T p M —> M the exponential mapping. 

Recall that 

K £ (U p ) = F(S^), 

where S k ^ is a submanifold of T p M parametrized by {e (1 — 0) 0 + e 0 G S k }. 
It follows from the proof of that proposition that 

<K©) = J {w^2) nk+l{Up) ~ ^^ c ( n p)( 0 > 0 )) + °( £ % 

= 0 ( e 3 ). 


There is also the minimal submanifold Q e (Jd p ) = F(B k ~^ 1 ), 
where B^ 1 = [ey + e U$(y), y £ B k+1 } and 
U*(y) = 0(y/\\y\\) + W(y) + O(p)(£ 3 ), 

-i k-\-l 

w iv) = E^Wbl 2 - 
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We shall calculate the volume forms of and B^ 1 with respect to 
F*g. To prepare for this, recall that near x = 0 

(F g)ij = Sij + — gp(Rp(x, E^x, Ej') + — gp{S7 x Rp(x, Ei)x, Ej) 


T 2q 9p(^x^xRp{x, Ei)x, Ej) 


m +1 ^ 

+ ^ ] yr 9 p{B p (x, Ej'jx, Eg) g p (R p (x, Ej^x, E%) + 0p(|x| ) 

1= l 4 

where R p is the curvature tensor of M at the point p, cf. |7j- 

5.1. Volume of the CMC sphere. We first calculate the metric on S k $. 
In terms of the coordinate vector fields 0 Q , a = 1,... ,k which are tangent 
to S k , we can write the tangent vector Helds to S k $ as 

ra+1 

r a = e(l -0(0))© Q -ed a (j)Q+ ^ ed a ^Ep, a = l,...,k. 

fi=k -(-1 

The metric coefficients then equal 

9a „b = £;2 ( 1 - <t>) 2 + e 2 d a (j)dp<l)+ y (1 - 0) 4 g p {Rp{&,Q a )Q,@p) 

+y <? P (v 0 i? p (e, e a )©, e p ) + ^ 5 p(v©v e i?p(e, ©<*)©, e p ) 


fc+i 2 f 6 

+ E vvSpftfe.e^eT^pW©,©^©,^) 

Z=1 4t) 
ra+1 Op 6 

+ E 7F 5 P ( J Rp(0,0 a )©,^)ff P (i? P (0,0/3)0, E^ + 0(e 7 ) 

p=k +1 40 

Using 

Vdet(/ + A) = 1 + ^trA + i(trA ) 2 - i t r(^ 2 ) + 0 (|^| 3 ), 


we get 

.-fc \/ det g R 
\J det g 5 


= i_ fc(/>+ EE_i)y + i|v s ^|2 

2 3 

-y(1 - (fc + 2 ) 0 ) 7ei Cfe+ i(n p )(0,0) - E v e 7eic fe+ i(n p )(0, ©) 
4v| 7eic fc+1 (n p )(©, ©) + ^ (7e*c fc+1 (n p )(©, ©)) 2 
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5.2. Volume of the minimal ball. The tangent vectors to are 

m+1 

T i (y) = £(l-u{y))E i +edy i u{y)y + £ ^ d Vi W*(y) + O p (e 4 ), 

fi=k-\-l 

where u(y) = 4>(y/\y\). The corresponding metric coefficients are 

m+1 

£ ~ 2 9?j = ^-u) 2 6i j + (l-u)(dy l uy j +dy J uy i )+\y\ 2 d yi ud yj u+ E d Vi W» d y . W» 

fi=k -\-1 

p2 J2 m+ 1 / 

+ -(1 -u) i g p (R p {y,E i )y,E j ) + - E W" 1 ,E i )y,E j ) 

•J J /j=fc+i v 

+W» g p {R p {y,E i )E ti ,E j ) + d yi W 11 g p {Rp{y, E^y, Ej) + d y .W^ g p (R p {y, E^y, E y 

£ 3 £ 4 
T~ 9p(^yBp{y, Ei)y, Ej) + — g p (\7yX7yR p (y, Ei)y : Ej) 

2 e 4 fe+i 

+-7F 5] g P {Rp{y, E i)y, E i) 9 P (Rp(y, E i)y, E i) 

4t) z=i 

2^-4 m+1 

+7F E 9p(Rp(y, E i)y, E p.)g P (Rp(y, E i)y, E p.) + o(£ 5 ) 

45 /i=fc+i 


Putting y = r@, r € (0,1) we calculate the volume element of Q £ (n p ): 
£ _ ( fe+1 ) y/detcp = 1 — (fc + 1)0 + HELll 02 _|_ ^ i|V^fcTV M | 2 

^ /t=/c+l ^ 

2 2 

- e —r 2 Tlic fe+ 1 (n p )(0,0) + e —r 2 (k + 3+ftic fe+ i(IT p )(0, 9) 

D O 

c-2 /c+1 m+1 / 

- T r 2 E E (TT /i 5 P (i? P (e+i+ M +i) + 

j=l p=fc+l V 

^ r 3 Ve 7e*c fc+1 (n p )(0, 0) - ^ r 4 v| 7^c fc+1 (II p )(0, 0) 

4 4 fc+1 

+ ^r 4 (^ Cfc+1 (n p )(0,0)) 2 - ^r 4 E 9 p+p( 0 ,^) 0 ,+) 2 

p4 fc+1 m+1 

+ ^r 4 E E ffp(+,(0+i)0,£ p ) 2 + 0 p (£ 5 ). 

40 z=l /i=/c+l 


5.3. Expansion of the energy functional. Collecting the results above 
gives that 
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e~ k ( Vol(/i e (n p ))-^Vol(Q e (n p )) ) 

= 7-TT Vol ( 5fc )-T7^ / ^c fc+1 (n p )(©,0)d<T+ [ £ -^nic k+1 (U p )^da 

fc + l 2 k + 3 Jgk Jgk 6 

+el ^i[-s v ® E “‘« (n - )(9 ' e) 

1 1 fc+l 

+- (7e* Cfc+1 (n p )(0,0)) 2 - — E <++,(©, i+0,i+ 2 

id —1 

1 fc+l 771+1 -| 

+= E E 3+Rp(0+i)0+/+ do- 

^ 2=1 /7=fc + l J 

771+1 Z- /* 

+ E A / W^A^+i W"*dy 

p=fc+l ^ 

+jkzJ Bk+i (W^ g p (R p (e,E h E^Ei) + d Vt W>* R p (Q,E h Q,E^ + 0(s 5 ) 

We now recall some identities. First, 

+ ei)2d "+ v ° 1(s ‘>' 

f st (S‘) 4 drT = 3 + 6< 0+ = (fc + 1) + 3) Vol(S‘) 

and second, if aijpg eM*,j,p,g = 1,..., k + 1, then 


fc+l r fc+l 

E / a pqln © P 0 9 0" dcr = (fc+1 f (fc+ 3) Vol(S fc ) E + 

Q,Z,77—1 */S' fc 7=1 


1 fc ^+1 

"(fc+l)(fc+3) V°l(f> ) E ( a ppqq + a pqpg + a pqqp) ■ 
9#P=1 


1 


fc+l 

E 

p j( j=i 


(fc+l)(fc+ 3 ) Vol(+) E ( a ppqq + a P9P<3 + a pqqp) 


We now calculate each term: 


/• fc+i /■ 

/ 7eic fc+ i(n p )(0,0)da = E / 7^c fc+ i(n p )(+, 0 fc 0 1 d<T 

-/S fc z,j=l ./S fc 


fc+l 

= E nick+^TlpXE^E^ie^da 
2=1 


— voi(s k )iz k+1 (n p y, 
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/ (Kic k+1 (n p )(@,G)) 2 da 
J s k 


(k + 1 )(fc + 3) 
fe+i 


/ k-\-\ \ 

Vol(S lfc ) (2 Y, (Kick+^UpKE^Ej)) 2 ) 
v »,j=i 7 


k 

I 

a,/3= 


(fc + l)(/c + 3) 

E [ g p {Rp{Q,Q a )Q,Q/ 3 ) 2 da 

, 0=1 Js k 

k +1 r 

= E / 5p(-^p(0; Ei)Q, Ej) 2 da 
i,j= 1 J S k 

1 , k+J. / 

= (* + !)(* +3) V ° 1(5 ^ .-|L + 


+ z ^ic fc+ i(n p )(£ , i,£; i )^jcfc+i(np)(-E'j,£ , j) 

*,j=i 

Voi(s fe ) (2 ||7eic fc+ i(n p )|| 2 + 7e fc+ i(n p ) 2 ) ; 


Ripjp Riqjq Ripjq Riqjp J 


2 , 3 || , v m 2 


voi (s k ) \\mc k+1 (u p )\\ z + - ||fl fc+ i(n p )|| 


{k + l)(/c + 3) 

(we use here that R^j pq = ( Ripjq ~ RiqjpY = Ripjq + R iqjp ~ 2 Ripjq Riqjp )> 

k TTL | 1 

E E / g P (R P (e,e a )e,E p ) 2 da 

a=l p=k+ 1 J S k 


k +1 ra+1 f 

= E E / gp(Rp(@,Ei)e,Ep) 2 da 

2=1 /i=fc+l J S k 

= (fc + iKfc + 3) V ° 1(gt) (ll Ri< *«< n ->l| 2 + i ll R k+l< n f)|| 2 ) ; 

r 1 k+1 , 

J sk V ® ^ Cfc+1 (0,6) dfJ = (jfc + l)(jfc + 3 ) ( V ^ ^ Cfc+1 

+2 1Zici; + i(Ei, Ej 

= ( 7 TWT 3 ) Vol(S ‘ )A ‘« R ‘« (n ' ); 

m+1 /’fc+l ra+l /* 

E / |V Bfc+ itrfd2/ = Z / 

=fc+l JB LL=k +1 JB fc + i 


/2=fc+l 

^ "e [ E Rlip {y J ? (1 - M 2 ) dy 
9 k + 3 /i=fc+1 Jsfc+i M 

2e 4 1 

T(h#"+i) '“* v “ 'v fc + 3 

¥(F7WTWT7) vd ( st )» R “t +1 ll ! ; 
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fc+l r 

E / 

m=i J* k+1 i 


+ + = - — 


3 (fc + 3) 


[ R^(y j ) 2 (l-\y\ 2 )dy 

Jb *+i 


¥(TTIj(rfWT5) Vol(St)l|K,c ‘« l|2; 


and 


m+l r 

E / 

/i=fc+l 


ct. W ll R P ia lt y p y q , 


%iqn y p y q dy 

f 2 i m+i r / 

: - T7 r-^ E / E Nc(n p )i^/^(i-| y | 2 ) 

3 (K + 3) p=/c+ i ,^ 1 v 

k+i . . . \ 

2 5] 7&c(II p )| fl pigAt yf> y l y p y q ) dy 
i =1 7 

: ¥(FTTj(FrWTW Vol<S ‘E» K “ 


: fc+l I 


k -\-1 m+l 

E E (72.ic(IIp) pAl Rqpqn + TZic(Tlp) q ^ Rppq^ + lZic(Tlp) q ^ R qp pp) 

p,q =1 p=k +1 

2f 2 1 

- VnlO^i \\Vir±. Jl 2 


q ru i i tu 




This gives finally 


(fc+!)£(+) 
e fe Vol(S+ 


_ 1 2 k + 3 ^ fc+l(IIp) 

p^y( 8 ll^* c fc+i( n p)lh — 1® ^k+i'R'k+i^p) — 3 |+fc+i(n p )|| 2 
+5TZ k+1 (U p ) 2 + 8 ||7i*+ +1 (n p )|| 2 +12 |++ 1 (n p )H 2 ) 


+ 18 (jfc(jfc + 2)^+ l(IIp) (k + 2)(fc + 3)^+i( n p) 

9 1 0U \ 

-(¥WTi) l|Ric ‘ +l(n ' )l12 - 


or after simplification, 
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(k + i)g(n p ) 

e k Vol(S fc ) 


_1 2 k + 3 nk+l{Up) 

+ 72 (fc + 3)(fc + 5) ( 8 H^ c fc+i( n p)ll 2 - 18 A fe+i^+i( n p) 
+5TZ k+1 {U p ) 2 + 8 \\TZic^ +1 (U p )\\ 2 + 12 ||-Rfe+i(n p )||^ 


3 ||^ fc + 1 ( n p )|| 2 


+ I8 iFflHl( 4?K “ W “ I|K “‘ +I(n ' ) 
12fc<t + 2) l|K!oi +1 (n,)|| 2 ) +d(e 5 ) 


(k + 3)(k + 5) 

o 

e 


= i - 


2 fc + 3 


TZ k+1 {U p ) + 


2 (k + 3) 


r(n P ) + 0(e 5 ). 


6. Problems 

The results above produce a collection of fc-dinrensional spheres. It is 
reasonable to suspect that there are other compact fc-dimensional embedded 
constant mean curvature submanifolds in R" ? Find some other examples! 

Is it possible to build noncompact /c-dirnensional (nonzero) constant mean 
curvature submanifolds which are not contained in a (k + l)-dimensional 
subspace ? For zero mean curvature submanifolds, the half plane, a half 
helicoid (observe that there are two ways to cut the helicoid in half along a 
straight line) which has boundary a straight line, and a fundamental piece 
of a Riemann surface, whose boundary are 2 parallel straight lines, are 
nontrivial examples. Are there any analogues in this setting? 

It should follow by unique continuation that if K = dQ = dQ' is a constant 
mean curvature submanifold, with Hx ^ 0, then Q = Q'. When Q is a 
hypersurface, so K has codimension 2, this is true by the Hopf boundary 
maximum principle. 
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